Abstract-To optimize the use of the spectrum, it is expected that the next generation of wireless networks (5G) will enable coexistence of newly introduced services with legacy cellular networks. These new services, like Device-To-Device (D2D) communication, should require limited synchronization with the legacy cell to limit the amount of signaling overhead in the network. However, it is known that Cyclic Prefix-Orthogonal Frequency Division Multiplexing (CP-OFDM) used in Long Term EvolutionAdvanced (LTE-A) is not fit for asynchronous environments. This has motivated the search for a new waveform, able to enhance coexistence with CP-OFDM. Namely, it has been widely suggested that new devices could use OFDM/Offset-Quadrature Amplitude Modulation (OFDM/OQAM) to reduce the interference they inject to legacy cellular users. However, values of interference are usually measured at the input antenna of the receiver, based on the PSD of the interfering signal. We showed in previous works that this measurement is not representative of the actual interference that is seen after the demodulation operations. Building on this finding, we provide in this paper the first exact closed forms of cross-interference between OFDM/OQAM and CP-OFDM users. Our results prove that using OFDM/OQAM only marginally reduces interference to legacy users, in contradiction with many results in the literature.
I. INTRODUCTION
The advent of the 5th Generation of wireless communication systems (5G) is envisioned to bring flexibility to cellular networks. New services as Device-To-Device (D2D) or MachineTo-Machine (M2M) communications are expected to be massively deployed in the near future. Such new communication devices have to coexist with incumbent legacy systems in the cell, i.e. Long-Term-Evolution Advanced (LTE-A) users. In such heterogeneous environments, perfect synchronization between the different types of systems is not feasible. This loss of synchronization will cause harmful interference between active users, which will in turn degrade the overall system performance. This hurdle can be overcome through the design of new waveforms that are robust against asynchronism, and well localized in frequency. As a matter of fact, as soon as the orthogonality between CP-OFDM users is destroyed, for example because of the coexistence of unsynchronized incumbent and secondary systems, their performance shrinks dramatically [1] . This is mainly due to the fact that CP-OFDM systems filter symbols with a time-rectangular window, which causes poor frequency localization [2] - [4] and high asynchronism sensitivity in the multi-user context [4] - [6] .
OFDM with Offset Quadrature Amplitude Modulation (OFDM/OQAM) [2] , [7] , is one of the main new waveform schemes explored by the research community. Indeed, it overcomes the cited CP-OFDM limitations and enables both higher flexibility and reduction of interference leakage for multistandard systems coexistence [2] , [7] . The main selling point of OFDM/OQAM lies in its improved spectral containment that is obtained through the filtering of each subcarrier with a highly selective prototype filter. In this paper, we will study the case of OFDM/OQAM systems using the PHYDYAS filter [7] . Thanks to the enhanced spectral localization of the latter, OFDM/OQAM boasts hardly measurable out-of-band (OOB) emissions, as its Power Spectral Density (PSD) rapidly decreases below the ambient noise level.
Building on this, a number of papers, for example [8] - [11] , have suggested to use OFDM/OQAM to coexist efficiently with CP-OFDM based networks. All the studies on that matter use the PSD-based model, originally proposed in [12] , to rate the cross-interference between the OFDM/OQAM and CP-OFDM systems. This model consists in integrating the PSD of the interfering signal on each subcarrier of the user that suffers from interference. Because of the advantageous PSD properties of OFDM/OQAM, studies using the PSD-based model predicted that using this waveform instead of CP-OFDM for coexistence with LTE-A users would be highly beneficial.
However, the expected gains were not confirmed through simulations [13] , [14] . Moreover, in [14] , we explained in a qualitative manner why the PSD-based model was not fit to properly estimate the cross-interference that is seen after the demodulation operations at both the receivers of OFDM/OQAM and CP-OFDM systems. Furthermore, we showed through numerical simulations that the gains expected by following the PSD-based model were highly overestimated. However, a thorough mathematical analysis of the postdemodulation cross-interference arising between coexisting OFDM/OQAM and CP-OFDM systems is still lacking. This paper aims at resolving this issue by providing mathematical closed forms of cross-interference injected by OFDM/OQAM onto CP-OFDM and vice-versa. The provided closed forms prove that OFDM/OQAM fails to protect incumbent legacy CP-OFDM users.
The remainder of this paper is organized as follows: Section II presents the system model and a short overview on CP-OFDM and OFDM/OQAM waveforms. In Section III, the analysis of cross-interference is led. In Section IV, the validity of the derived closed forms is asserted by comparison with Notations: scalars are noted ,vectors are bold-faced as x, and ensembles are represented by a calligraphy letter . is the discrete symbol index, indexes subcarriers and is the continuous time. * is the convolution operation, * is the complex conjugate of , {} is the mathematical expectation with regards to the random variable and ℛ{ } is the real part of .
II. BACKGROUND AND SYSTEM MODEL

A. Analyzed Coexistence Scenario
We consider a coexistence scenario where an incumbent CP-OFDM based system and an OFDM/OQAM secondary system share the same spectral band. The incumbent is assigned a set of active subcarriers ℳ i and the secondary a set ℳ s . We assume that both systems use the same subcarrier spacing ΔF and time-symbol = 1 ΔF . To focus on cross-interference between users, we consider a transmission on an additive white gaussian noise (AWGN) channel and do not take into account any pathloss or shadowing effect. The corresponding system model is represented in Fig. 1 and an example of subcarriers distribution is given in Fig. 2 .
Note that, strictly speaking, each interfering signal arrives at the receiver it interferes on with a certain delay. For example, naming t,s the propagation delay between the secondary transmitter and the incumbent receiver, the interfering signal received at the incumbent is not s ( ) but s ( − t,s ). However, we showed through simulation in [13] that this propagation delay has only little impact on the interference between OFDM/OQAM and CP-OFDM users. Without loss of generality, we will therefore neglect the propagation delays in our analysis.
Now that the system model is laid out, we present in the following Section a short background on CP-OFDM and OFDM/OQAM signal models.
B. CP-OFDM Incumbent System
We consider a CP-OFDM incumbent system with subcarriers, time-symbol and a CP duration of CP . As previously mentioned, it has a set of active subcarriers ℳ i . The CP-OFDM time-domain signal transmitted on each active subcarrier i ∈ ℳ i is expressed as
with d i the data vector of quadrature amplitude modulated (QAM) symbols transmitted on subcarrier i and T,i the CP-OFDM transmit filter defined as:
The total transmitted signal is expressed as
In this study, we consider an AWGN interference channel. Therefore, the signal at the input antenna of the CP-OFDM incumbent receiver is expressed as
where s ( ) is the interfering OFDM/OQAM secondary signal whose expression will be detailed in the next section and i ( ) is the AWGN seen at the incumbent receiver. Assuming perfect synchronization between the CP-OFDM transmitter and receiver, the i -th demodulated symbol on the i -th subcarrier of the CP-OFDM receiver is expressed,
where w i is the filtered white gaussian noise component expressed as
and s→ i is the interference injected by the s -th subcarrier of the secondary onto the i -th subcarrier of the incumbent, which is expressed ∀ i ∈ ℤ as s→ i
In (6) and (7), R,i is the receive filter of the incumbent and is expressed as 
C. Secondary OFDM/OQAM System
We consider an OFDM/OQAM secondary system with subcarriers and time-symbol , and name ℳ s its set of active subcarriers. The time-domain signal transmitted on each active subcarrier s ∈ ℳ s of the secondary OFDM/OQAM system is expressed as [15] 
Besides, T,s is the transmit filter of the secondary system expressed as
where is called the overlapping factor, and is the used prototype filter. In the remainder of this study, we take as the PHYDYAS prototype filter with overlapping factor = 4, [16] , defined as
, 3 = 0.235147. Note that is a real and symmetric filter, such that
The signal received at the input antenna of the OFDM/OQAM receiver is expressed in a similar manner as in (4) and is given by
At the OFDM/OQAM receiver, the received signal is passed through the receive filter R,i expressed as
elsewhere. Then, the real part of the filtered signal is taken to remove purely imaginary intrinsic interference [15] . Therefore, the s -th demodulated symbol on the s -th subcarrier of the OFDM/OQAM secondary receiver is expressed aŝ
with
III. CROSS-INTERFERENCE ANALYSIS A. Cross-Interference at the Incumbent CP-OFDM Receiver
Here, we derive the closed-form expression of interference seen at the incumbent CP-OFDM receiver as expressed in (7) . Substituting the expression of T,s given by (11) in (9), and then putting both the resulting form of (9) and the expression of the incumbent receive filter R,i given by (8) in (7), we obtain the expression (18) of s→ i
[ i ]. In the following, we focus on the mean interference power caused by subcarrier s of the OFDM/OQAM secondary onto subcarrier i of the CP-OFDM incumbent, which we define as
s→ i
with 2 ds the variance of the symbols modulated by the secondary OFDM/OQAM system. Note that this last expression is obtained by considering that the symbols d s are independent and identically distributed (i.i.d.). Besides, note that the sum in (20) can be reduced to the values of s such that ( − s 2 ) is not null everywhere on the reception window corresponding to the i -th symbol of the receiver. This is shown in Fig. 3 , where we also point out that the value of i does not affect the mean interference power seen at the receiver. Note also that only the difference s − i plays a role in (20). Naming = s − i the spectral distance in terms of subcarriers, we therefore have
After operating the change of variable → − i ( + CP ) in (20), we obtain, ∀ i ∈ ℤ,
By including in (21) the expression of given in (12), we obtain, ∀ ∈ ℤ,
and the interference power injected by an OFDM/OQAM subcarrier to a CP-OFDM subcarrier at spectral distance is finally given by
B. Cross-Interference at the Secondary OFDM/OQAM Receiver
We now focus on the cross-interference that is injected by the CP-OFDM incumbent transmitter onto the OFDM/OQAM receiver, as expressed in (17) . Substituting the expression of the CP-OFDM transmit filter (2) into (1), and then the resulting form of (1) and the expression of R,s given by (14) into (17), we obtain the expression of (25), which is very close to (18), the only differences being the real part operator and some phase factors due to the OFDM/OQAM demodulation. In a similar way as (19), we define the mean interference power injected by subcarrier i of the incumbent onto the s -th subcarrier of the secondary as comes from the fact that only the real part of the signal is taken at the OFDM/OQAM receiver. The obtained expression is similar to (19) and the different observations made in the previous section still hold true here. Therefore, following developments similar to (19)-(24), the power of interference injected by a CP-OFDM subcarrier to an OFDM/OQAM subcarrier at spectral distance is expressed as (28). Note that, if both systems transmit with the same energy per symbol ,
2 ds = 2 because each OQAM symbol transmits half the energy of a QAM symbol. Therefore, in the case where CP = 0, which corresponds to a situation where the incumbent system does not use any CP, i→s ( ) = s→i ( ), ∀ ∈ ℤ and the incumbent and secondary systems interfere equally onto each other.
From both (28) and (24), it can be noticed that the rectangular time window of the CP-OFDM system incurs a sum of sine-cardinal in frequency, which slowly decrease and will therefore cause high interference to both systems, despite the well shaped prototype filter used by the OFDM/OQAM system.
C. Taking into Account Frequency Misalignments
The closed forms we derived in the previous section were obtained in the case where the secondary and the incumbent systems agree on the exact same frequency basis. Therefore, the spectral distance between each subcarrier of the secondary and each subcarrier of the incumbent is an integer, i.e. ∈ ℤ. This is correct if the local oscillators (LO) of all users are perfectly synchronized. However, in a real setup, this is not the case. Indeed, LOs of mobile terminals have a typical accuracy of ±1 ppm with respect to their nominal frequency [17] . At a carrier frequency of 2 GHz, this can yield a misalignment between users of around 10 4 Hz, which can become significant as it is close to the LTE subcarrier width of 15 kHz.
Here, we consider that the transmitter and receiver in each system achieve perfect frequency synchronization. However, the incumbent and secondary systems are not supposed to cooperate, and it is very likely that they will not be perfectly aligned in frequency. This means that, taking the incumbent system as a reference, the s -th subcarrier of the secondary will not be modulated at base-band frequency s ΔF but at base-band frequency ( s + f )ΔF, where f ∈] − 0.5, 0.5] and is the frequency misalignment value between the secondary and incumbent systems. In other words, Fig. 2 is transformed into Fig. 4 where we see that the secondary transmission is misaligned with the band it should actually transmit in. This simply leads to rewriting (4) and (13) as
Then, the analysis is led exactly as (7) -(28). Redefining as = s + f − i , mathematical derivations yield the exact same expression as (24) and (28). Therefore, the closed forms we derived are also applicable in the presence of frequency misalignment between the incumbent and secondary systems i.e. ∀ ∈ ℝ.
IV. NUMERICAL RESULTS
In Fig. 5 , we represent the values of s→i ( ) and i→s ( ) according to the expressions of (28) and (24) for CP = 8 . We observe that both systems interfere almost equally onto each other. Note that, if we had set CP = 0, the two curves would perfectly overlap.
In Fig. 6 , the derived theoretical expressions are compared to results obtained through Monte-Carlo simulations. We represent the interference power seen at each subcarrier of index when the interferer transmits at subcarrier of index 0. Parameters are set as follows: both the CP-OFDM incumbent and the OFDM/OQAM secondary systems have = 512 subcarriers. Both systems transmit symbols with unitary energy Moreover, we show the results predicted by the PSD-based model used for example in [8] - [10] . It is worth noticing that the PSD-based model gives a good approximation of the interference injected by the CP-OFDM incumbent onto the OFDM/OQAM secondary. However, it completely fails in estimating the interference injected by the OFDM/OQAM secondary onto the CP-OFDM incumbent. As pointed out in [14] , this is due to the fact that the PSD-based model does not take into account the rectangular receive window of (28) and (24). the CP-OFDM receiver. Because the receive window of the OFDM/OQAM receiver is larger than the transmit filter of the CP-OFDM, the PSD appears to be a good measure of i→s . On the contrary, as shown in Fig. 3 , the CP-OFDM receive window truncates each OFDM/OQAM symbol and the good PSD properties of the latter are lost in the process. Finally, we compare the values of cross-interference in the considered scenario with those observed in a homogeneous scenario where both users would use CP-OFDM. To do so, in Fig. 7 , we compare the expressions of (24) and (28) with the interference tables derived by Medjahdi et. al. in [1] in the case where both the secondary and the incumbent users use CP-OFDM. Note that the interference observed by the incumbent and secondary users when they both use CP-OFDM is, at maximum, only 3 dB higher to that observed when the secondary uses OFDM/OQAM. In real-world transmission, when the hardware impairments and the high power amplifier non-linearities come into play, this 3 dB gap will fade out and the benefits of using OFDM/OQAM for coexistence with CP-OFDM systems are likely to disappear.
V. CONCLUSION
In this paper, we were able to develop exact closed forms of the cross-interference between coexisting OFDM/OQAM and CP-OFDM systems. As OFDM/OQAM is seen as a potential contender for certain 5G applications, the analysis led in this paper can be useful to dimension networks in scenarios where secondary 5G devices coexist with incumbent legacy users. Besides, the presented analysis can be generalized in the case where the secondary system would use other waveforms studied for 5G, such as filtered OFDM (f-OFDM) or Universal Filtered OFDM (UF-OFDM). Indeed, our analysis showed that the cross-interference is mainly caused by the rectangular window of the incumbent system. In other words, results presented in this paper show that coexistence with legacy CP-OFDM systems cannot be drastically improved by designing enhanced waveforms only, but that it is necessary to modify the CP-OFDM receiver itself.
Hence, the derived closed forms show that the PSD-based model, widely used in the literature, is not fit to study coexistence scenarios, as it does not take into account the This observation has a wide array of consequences: indeed, it shows that all the studies which rely on OOB emissions or PSD to rate cross-interference between users are inherently flawed, especially in the context of coexistence between two systems with different waveforms. However, a large number of studies recently released on that matter rely on these two measurements to rate the performance of various waveforms. Moreover, standards like LTE-A usually define spectral masks that systems should respect to coexist smoothly. However, as these masks are based on PSD measurements as well, our results show that they are not adapted to the management and dimensioning of 5G systems. Therefore, the results we derived in a particular scenario in this paper have broader applications and consequences. Especially, it is utterly important to rethink the models used to ensure coexistence between different physical layers. Future work will therefore focus on this particular aspect.
